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Models

» The purpose of an engineering or scientific model is to make
predictions.
» Kinds of models:
» Mathematical: aggregated behavior is described by equations.

Predictions are made by solving the equations.
» Simulation: detailed behavior is described. Predictions are made by

reproducting behavior.

» Models are simplifications of reality.
» Models that are too simple make poor predictions because they leave
out important features.
» Models that are too complex make poor predictions because they are
difficult to analyze or are time-consuming to use, because they require
more data, or because they have errors.
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Flow Line

. also known as a Production or Transfer Line.

(e (e v

Machine Buffer

» Machines are unreliable.

» Buffers are finite.
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Flow Line
Motivation

» Economic importance.

» Relative simplicity for analysis and for intuition.
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]
Flow Line

Buffers and Inventory

» Buffers are for mitigating asynchronization (ie, they are shock
absorbers).

» Buffer space and inventory are expensive.
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Flow Line
Analysis Difficulties

» Complex behavior.
» Analytical solution available only for limited systems.

» Exact numerical solution feasible only for systems with a small
number of buffers.

» Simulation may be too slow for optimization.
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Flow Line
Output Variability
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Flow Line
Usual General Assumptions

Unlimited repair personnel.

Uncorrelated failures.

Perfect yield.

The first machine is never starved and the last is never blocked.

Blocking before service.

vV v vV v Vv Y

Operation dependent failures.
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-
Single Reliable Machine

» If the machine is perfectly reliable, and its average operation time is
T, then its maximum production rate is 1/7.

» Note:

» Sometimes cycle time is used instead of operation time , but
BEWARE: cycle time has two meanings!

» The other meaning is the time a part spends in a system. If the system
is a single, reliable machine, the two meanings are the same.
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Single Unreliable Machine
ODFs

» Operation-Dependent Failures

» A machine can only fail while it is working.
» IMPORTANT! MTTF must be measured in working time!
» This is the usual assumption.

» Note: MTBF = MTTF + MTTR
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.
Single Unreliable Machine

Production rate

» If the machine is unreliable, and

> its average operation time is T,
> its mean time to fail is MTTF,
» its mean time to repair is MTTR,

then its maximum production rate is

1 MTTF
T \MTTF+ MTTR
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-
Single Unreliable Machine

Production rate

Proof

Q—gl\'llachine UP z Machine DOWN

Average production rate, while machine is up, is 1/7.
Average duration of an up period is MTTF.

Average production during an up period is MTTF/7.
Average duration of up-down period: MTTF + MTTR.
Average production during up-down period: MTTF/7.

vV v v v v Vv

Therefore, average production rate is
(MTTF/7)/(MTTF + MTTR).
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.
Single Unreliable Machine

Geometric Up- and Down-Times

» Assumptions: Operation time is constant (7). Failure and repair
times are geometrically distributed.

» Let p be the probability that a machine fails during any given
operation. Then p=7/MTTF.
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.
Single Unreliable Machine

> Let r be the probability that M gets repaired in during any operation
time when it is down. Then r = 7/MTTR.

» Then the average production rate of M is

1 r
T\r+p/)’

> (Sometimes we forget to say “average.”)

2.852 Manufacturing Systems Analysis 14/165 Copyright (©2010 Stanley B. Gershwin.



.
Single Unreliable Machine

Production Rates

» So far, the machine really has three production rates:

» 1/7 when it is up (short-term capacity) ,
» 0 when it is down (short-term capacity) ,
» (1/7)(r/(r + p)) on the average (long-term capacity) .
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]
Infinite-Buffer Line

Assumptions:

» A machine is not idle if it is not starved.

» The first machine is never starved.
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]
Infinite-Buffer Line

[ (e (o) ()T () -

» The production rate of the line is the production rate of the slowest
machine in the line — called the bottleneck .

» Slowest means least average production rate, where average
production rate is calculated from one of the previous formulas.
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]
Infinite-Buffer Line

L (o (o @) (- () -

» Production rate is therefore

po o1 MTTF;
- M A\ MTTF, + MTTR;

» and M; is the bottleneck.
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]
Infinite-Buffer Line

AR A TR OOR [ ORI o e P COR

» The system is not in steady state.

» An infinite amount of inventory accumulates in the buffer upstream of
the bottleneck.

» A finite amount of inventory appears downstream of the bottleneck.
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]
Infinite-Buffer Line

A T O T OO [ R OO I OO T O R T R OOR IR ORI o

14000 T T 7]
Buffer 1 <
Buffer 2 ——
12000 - Buffer 3 ',
Buff: —
Buffgg —
10000 - L Bufferg ---- |
_ ./ Buffer9 ----
8000 |- g
6000 e - -
4000 - J
2000 [ i
o (‘ﬂw S »t;y/\/\:;:: v A 23
0 1000002000003000004000005000006000007000008000009000001606

2.852 Manufacturing Systems Analysis 20/165 Copyright (©)2010 Stanley B. Gershwin.



Infinite-Buffer Line

o o) [ v ) = =) v =) (o) () -~

» The second bottleneck is the slowest machine upstream of the
bottleneck. An infinite amount of inventory accumulates just
upstream of it.

» A finite amount of inventory appears between the second bottleneck
and the machine upstream of the first bottleneck.

» Et cetera.
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]
Infinite-Buffer Line
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A 10-machine line with bottlenecks at Machines 5 and 10.
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Infinite-Buffer Line
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Question:

» What are the slopes (roughly!) of the two indicated graphs?
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]
Infinite-Buffer Line

Questions:

» If we want to increase production rate, which machine should we
improve?

» What would happen to production rate if we improved any other
machine?
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]
Zero-Buffer Line

» If any one machine fails, or takes a very long time to do an operation,
all the other machines must wait.

» Therefore the production rate is usually less — possibly much less —
than the slowest machine.
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]
Zero-Buffer Line

» Special case: Constant, unequal operation times, perfectly reliable
machines.

» The operation time of the line is equal to the operation time of the
slowest machine, so the production rate of the line is equal to that of
the slowest machine.
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]
Zero-Buffer Line

Constant, equal operation times, unreliable machines

» Assumption: Failure and repair times are geometrically distributed.

» Define p; = 7/MTTF; = probability of failure during an operation.
» Define r; = 7/MTTR; probability of repair during an interval of length
7 when the machine is down.

» Operation-Dependent Failures (ODFs): Machines can only fail while they
are working.
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]
Zero-Buffer Line

Buzacott's Zero-Buffer Line Formula:
Let k be the number of machines in the line. Then

P =

3=
x
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]
Zero-Buffer Line

> Same as the earlier formula (page 11, page 14) when k = 1. The
isolated production rate of a single machine M; is

1( 1 _1<r;>
T 1—1—%" T\ri+p/)’
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]
Zero-Buffer Line

Proof of formula

» Let 7 (the operation time) be the time unit.

» Assumption: At most, one machine can be down.

» Consider a long time interval of length T during which Machine M;

fails m; times (i = 1,... k).
M M M M M M

G~

All up Some machine dow

» Without failures, the line would produce T parts.
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]
Zero-Buffer Line

» The average repair time of M; is 7/r; each time it fails, so the total
system down time is close to

“mir
Dt = E '
ri

i=1

where D is the number of operation times in which a machine is
down.
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]
Zero-Buffer Line

» The total up time is approximately

k
Ur = TT—ZmiT.

r
i=1 !
» where U is the number of operation times in which all machines are
up.
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Zero-Buffer Line

> Since the system produces one part per time unit while it is working,
it produces U parts during the interval of length Tr.

» Note that, approximately,

m; = p;iU

because M; can only fail while it is operational.
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]
Zero-Buffer Line

» Thus,
k .
Ur=T7r—- Ut &,
: I
i=1
or,
U 1
7= Eopr = k.
1+ 2
‘ ri
i=1
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]
Zero-Buffer Line

and 1
P=-
T k pi
1+ =
— i
i=1
» Note that P is a function of the ratio p;/ri and not p; or r; separately.
» The same statement is true for the infinite-buffer line.

» However, the same statement is not true for a line with finite,
non-zero buffers.
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Zero-Buffer Line

Questions:

» If we want to increase production rate, which machine should we
improve?

» What would happen to production rate if we improved any other
machine?
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Zero-Buffer Line
ODF and TDF

TDF= Time-Dependent Failure. Machines fail independently of one
another when they are idle.

k
1 r
Pror==]] > Popr
T - ri + pi
i=1
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]
Zero-Buffer Line

P as a function of p;

All machines are the same except M;. As p; increases, the production rate
decreases.
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]
Zero-Buffer Line

P as a function of k

All machines are the same. As the line gets longer, the production rate
decreases.
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]
Finite-Buffer Lines

» Motivation for buffers: recapture some of the lost production rate.
» Cost

» in-process inventory/lead time
» floor space
» material handling mechanism
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]
Finite-Buffer Lines

» Infinite buffers: no propagation of disruptions.

» Zero buffers: instantaneous propagation.
» Finite buffers: delayed propagation.
» New phenomena: blockage and starvation .
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]
Finite-Buffer Lines

» Difficulty:
» No simple formula for calculating production rate or inventory levels.
» Solution:

» Simulation
» Analytical approximation
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Two-Machine, Finite-Buffer Lines ] Ml M ™

» Exact solution is available to model of two-machine line.

» Discrete time-discrete state Markov process:

prob{X(t + 1) = x(t + 1)|
X(t) =x(t),X(t—1)=x(t—1),X(t—2) =x(t—2),..} =

prob{X(t + 1) = x(t + 1)|X(¢t) = x(t)}

> In the following, we construct prob{X(t + 1) = x(t + 1)|X(t) = x(t)} and
solve the steady-state transition equations.
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Two-Machine, Finite-Buffer Lines M . Mz

Here, X(t) = (n(t), a1(t), aa(t)), where
» nis the number of parts in the buffer; n=20,1, ..., N.
> «; is the repair state of M;; i =1,2.

» «; = 1 means the machine is up or operational,
» «; = 0 means the machine is down or under repair.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Motivation:

» We can develop intuition from these systems that is useful for
understanding more complex systems.

» Two-machine lines are used as building blocks in decomposition
approximations of realistic-sized systems.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Several models available:

» Deterministic processing time, or Buzacott model: deterministic
processing time, geometric failure and repair times; discrete state,
discrete time.

» Exponential processing time: exponential processing, failure, and
repair time; discrete state, continuous time.

» Continuous material, or fluid: deterministic processing, exponential
failure and repair time; mixed state, continuous time.

» Extensions

» Models with multiple up and down states.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Outline: Details of two-machine, deterministic processing time line.

» Assumptions » l|dentities

» Performance measures » Analytical solution
» Transient states > Limits

» Transition equations » Behavior
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Assumptions, etc.

Assumptions, etc. for deterministic processing time systems (including
long lines)
» All operation times are deterministic and equal to 1.

» The amount of material in Buffer / at time t is n;(t), 0 < n;(t) < N;.
A buffer gains or loses at most one piece during a time unit.

» The state of the system is s = (nq,...,nk_1,010,...,Qk).
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Assumptions, etc.

» Operation dependent failures:

prob [a;(t +1) =0 nj—1(t) = 0, a(t) = 1, ni(t) < Nj] =
prob [ai(t +1) = 1| nj_1(t) = 0, () = 1, ni(t) < Nj] =1,

prob [aj(t +1) =0 nj_1(t) > 0, a(t) = 1, ni(t) = N;
prob [ai(t +1) = 1| nj_1(t) > 0,;(t) = 1, ni(t) = N,

prob [aj(t + 1) = 0| nj_1(t) > 0, (t) = 1, ni(t) < Nj] = pi,
prob [aj(t +1) = 1| nj_1(t) > 0,;(t) = 1, ni(t) < Nj] =1 — p;.

2.852 Manufacturing Systems Analysis 49/165 Copyright (©2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines ] Ml M ™

Assumptions, etc.

» Repairs:

prob [ai(t+ 1) =1]ai(t) =0] =r,

prob [aj(t+1)=0]«ai(t)=0=1—r.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Assumptions, etc.

» Timing convention: In the absence of blocking or starvation:
ni(t+1) = ni(t) + it +1) — cjya(t +1).

More generally,

ni(t +1) = ni(t) + Zui(t + 1) — Zai(t + 1),

where
1if a;(t + 1) =1 and n,-,l(t) > 0 and n,-(t) < N;,
Z,(t+1) =
0 otherwise.
1if a,-+1(t + 1) =1 and n,~(t) > 0 and n,~+1(t) < N,'+1
Id,'(t + 1) =
0 otherwise.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Assumptions, etc.

» In the Markov chain model, there is a set of transient states, and a
single final class. Thus, a unique steady state distribution exists. The
model is studied in steady state. That is, we calculate the stationary
probability distribution.

» We calculate performance measures (production rate and average
inventory) from the steady state distribution.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Performance measures

» The steady state production rate (throughput , flow rate , or efficiency ) of
Machine M; is the probability that Machine M; produces a part in a time
step.

» Units: parts per operation time.

» It is the probability that Machine M; is operational and neither starved nor
blocked in time step t.

» It is equivalent, and more convenient, to express it as the probability that
Machine M; is operational and neither starved nor blocked in time step t + 1:
E; = prob (Oé,'(t + 1) =1, n,-_l(t) >0, n,-(t) < N,)

For a useful analytical expression, we must rewrite this so that all states are
evaluated at the same time.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Performance measures

E = prob (a;(t + 1) =1, n,-,l(t) >0, n,-(t) < N,)

prob (Ot,'(t + 1) =1 | n,'_1(t) > 0,0é,'(t) =1, n,-(t) < N,)
pI’Ob (n,-,l(t) > 0,0[,'(1’) =1, n,-(t) < N,)

+  prob (ai(t+1)=1|n—_1(t) > 0,a;(t) =0, ni(t) < N;)
prob (n,-_l(t) > 0,0é,'(t) =0, n,-(t) < N,)

= (1-—p;) prob (nj_1(t) >
+r; prob (ni_1(t) > 0,
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Two-Machine, Finite-Buffer Lines M . Mz

Performance measures

In steady state, there is a repair for every failure of Machine 7, or

r; prob (n;_l(t) > 0,0é,'(t) =0, n;(t) < N,') =
pi prob (ni—1(t) > 0,a;(t) = 1, ni(t) < N;)

Therefore,

E;i = prob (o =1,ni_1 > 0,n; < N;).
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Two-Machine, Finite-Buffer Lines M . Mz

Performance measures

The steady state average level of Buffer i is

n = Z n; prob (s).
s
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Two-Machine, Finite-Buffer Lines M . Mz

State Space

where
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transient states

> (0,1,0) is transient because it cannot be reached from any state. If
a1(t+1)=1and ax(t + 1) =0, then n(t + 1) = n(t) + 1.

» (0,1,1) is transient because it cannot be reached from any state. If n(t) =0
and a1(t+1) =1 and ax(t + 1) =1, then n(t + 1) = 1 since M, is starved
and thus not able to operate. If n(t) > 0 and a;(t+1) =1 and
az(t+1) =1, then n(t + 1) = n(t).
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transient states

> (0,0,0) is transient because it can be reached only from itself or (0,1,0). It can be
reached from itself if neither machine is repaired; it can be reached from (0,1,0) if
the first machine fails while attempting to make a part. It cannot be reached from
(0,0,1) or (0,1,1) since the second machine cannot fail. Otherwise, if
a1(t+1) =0 and ax(t 4+ 1) =0, then n(t + 1) = n(t).

> (1,1,0) is transient because it can be reached only from (0,0,0) or (0,1,0). If
a1(t+1) =1 and ax(t + 1) =0, then n(t + 1) = n(t) + 1. Therefore, n(t) = 0.
However, (1,1,0) cannot be reached from (0,0,1) since Machine 2 cannot fail. (For
the same reason, it cannot be reached from (0,1,1), but since the latter is
transient, that is irrelevant.)

» Similarly, (N,0,0), (N,0,1),(N,1,1), and (N — 1,0, 1) are transient.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

State space

nnnnnnnnnnnnn
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transition equations

Internal equations 2 < n< N —2

p(n,0,0) = (1 —r)(1—r)p(n,0,0)+ (1 - r)pp(n,0,1)
+P1(1 - rg)p(n, 1, O) + p1p2p(na 1, 1)
p(n,0,1)= (1 —n)rp(n+1,0,0)+(1—n)(1—p)p(n+1,0,1)

+p1rp(n+1,1,0) + p1(1 — p2)p(n +1,1,1)

p(n7170) = rl(]'_r2)p(n_17070)+r1p2p(n_1707 1)
+(1 - pl)(l - r2)p(n - 13 13 O) + (1 - pl)p2p(n - 13 17 1)
p(na 13 1) = r1r2p(na Oa O) + rl(]' - p2)p(n7 07 1) + (1 - pl)r2p(n7 17 O)

+(1 - pl)(l - P2)P("7 1 1)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transition equations

Lower boundary equations n <1

p(0,0,1) = (1 —n)p(0,0,1) + (1 — rn)rp(1,0,0)
+(1 = n)(1 = p2)p(1,0,1) + p1(1 = p2)p(1,1,1).

P(LO, 0) = (1 - rl)(l - rg)p(l, 0, 0) + (1 - rl)p2p(17 0, 1) + p1p2p(1, 1, 1)

p(l, 0, 1) = (1 - r1)r2p(2,0, O) + (1 - rl)(]- - pz)p(2,0, 1)+
p1r2p(2, 170) + p1(1 - p2)p(27 1, 1)

p(LL1)= 1p(0,0,1) + r1r2p(1,0,0) + (1 — p)p(1,0,1)

P(2,1,0) = (1 — )p(1,0,0) + r1p2p(1,0,1) + (1 — p1)p2p(1,1,1)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transition equations

Upper boundary equations n > N — 1

p(N - 2307 1) = (1 - rl)rzp(N - 13030) + plrzp(N - 13 130)
+p1(1 - P2)p(N - 17 17 1)

p(N - 1707 0) = (1 - rl)(]' - r2)p(N - 17070) + p1(1 - r2)p(N - 17 170)
+P1P2P(N - 13 17 1)

p(N - 17 130) = rl(]' - rz)p(N - 2307 O) + r1p2p(N - 2307 1)

p(N - 17 17 1) = r1r2p(N - 17070) + (1 - pl)rQP(N - 17 170)
+(1 - pl)(l - p2)p(N - 13 17 1) + rzp(Na 13 O)

p(N,1,0) = n(l—r)p(N—-1,0,0)+ (1 —p1)(1 — r)p(N—-1,1,0)
+(1 - pl)p2p(N -11, 1) + (1 - rg)p(N, 1, 0)
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Two-Machine, Finite-Buffer Lines I M ™

Performance measures

E; is the probability that M; is operational and not blocked:

Ei = Z p(n, a1, a2).

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13

(@) =N-1 =N
SN O A T LN N NI A TR CN I Ci
ooooooooooo
000000000 O0O0

2.852 Manufacturing Systems Analysis 64/165 Copyright (©2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines I M ™

Performance measures

E; is the probability that M, is operational and not starved:

E2 = Z p(nv O[17052)'

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13
=N-1 =N

(a,0,)
©0)

o .QQOQQQQQCQ

- O\ RRBHOEREREE RO e
w o oaoooooooooo
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Performance measures

The probabilities of starvation and blockage are:

ps = p(0,0,1), the probability of starvation,

pp = P(N, 1,0), the probability of blockage.

The average buffer level is:

S
Il

np(n, a1, az).

5]
il

2.852 Manufacturing Systems Analysis 66/165 Copyright (©)2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines ] Ml M ™

Identities

Repair frequency equals failure frequency For every repair, there is a failure
(in steady state). When the system is in steady state,

r prob [{a1 =0} and {n < N}] =
p1 prob [{a; =1} and {n < N}].

Let
Dy = prob [{en =0} and {n < N}],
then
rnDy = p1£;.
2.852 Manufacturing Systems Analysis 67/165
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Identities

Proof: The left side is the probability that the state leaves the set of states
= {{a1 =0} and {n < N}}.

since the only way the system can leave Sy is for M to get repaired. (M is
down, so the buffer cannot become full.)

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13

(a,0;)
©0)

©.1)

(1,0)

(1.1)
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Identities

The right side is the probability that the state enters Sp. When the system is in
steady state, the only way for the state to enter Sy is for it to be in set

S1 ={{a1 =1} and {n < N}}
in the previous time unit.

n=0 n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 n=12 n=13
(a,0)

0,0)

(0.1)

0 \
feleleleleteleletelel

(1.0)

(1.1
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Identities

Conservation of Flow £ = E, = E

N— N—1
Proof: Z n,1,0)+ » p(n1,1),
n=0 n=0
N N
= Z p(n,0,1) + Zp(n, 1,1).
n=1 n=1
N—1 N
Then El—EQZZ (n,1,0) — anOl
n=0 n=1
N—2 N—2
= p(n+1,1,0)— p(n,0,1)
n=1

n

1
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Identities
Or,
N—2
E1—-E = Z (p(n + 1’ ]-7 0) - p(n?ov 1))
n=1

Define §(n) = p(n+1,1,0) — p(n,0,1). Then

N-2
E1 — E2 = Z 5(")
n=1
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Identities

Add lots of lower boundary equations:
p(0,0,1) + p(1,0,0) + p(1,1,1) + p(2,1,0) =

(1 — rl)p(07 O, 1) + (1 - r1)r2p(1,0, 0)
+(1—n)(1— p2)p(1,0,1) 4+ p1(1 — p2)p(1,1,1)

+(1 - I’1)(1 - r2)p(1v 0, O) + (1 - r1)p2p(17 0, 1) + P1P2P(17 1, 1)

+rp(0,0,1) + rirp(1,0,0) + (1 — p2)p(1,0,1)
+(1 = p1)(1 = p2)p(1,1,1)

+r(1—r2)p(1,0,0) + rip2p(1,0,1) + (1 — p1)pp(1,1,1)
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Identities
Or,
p(0,0,1) +p(1,0,0) +p(1,1,1) +p(2,1,0) =
p(0,0,1) +p(1,0,0) + p(1,0,1) + p(1,1,1)
Or,
p(2,1,0) =p(1,0,1)
Then §(1) = 0.
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Identities

Now add all the internal equations, after changing the index of two of them:
p("? 07 O) + p(n - 13 07 1) + p(n + 13 13 O) + p(na 13 1) =

(1 - rl)(l - r2)p(n7070) + (1 - rl)p2p(n7 0, 1)
+P1(1 - rz)p(n, 1, O) + p1p2p(na 1, 1)

(1 - rl)r2p(n’ 0, O) + (1 - I’1)(1 - pz)p(n, 0, 1)
+p1r2p(n, L, O) + Pl(l - pz)p(n, 1, 1)

ri(1 = r)p(n,0,0) + ripop(n,0,1)
+(1 - p1)(1 - rz)p(n, 1, O) + (1 - pl)p2p(na 1, 1)

r1r2p(n’ 0, O) + I’1(1 - pz)p(n, 0, 1) + (1 - pl)r2p(n7 1, O)
+(1 - pl)(l - pz)p(n, 1, 1)
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Identities

Or,forn=2,...,N—2,

p(n,0,0) + p(n—1,0,1) + p(n+1,1,0) + p(n1,1)=
p(n,0,0) + p(n,0,1) + p(n1,0) + p(n11),

or,

p(n+1,1,0) — p(n,0,1) = p(n,1,0) — p(n—1,0,1)
or,

d(n)=49(n—1)
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Identities
Since
5(1)=0 and 6(n)=6(n—1),n=2,...,N—2
we have
§(n)=0, n=1,...,N—2

Therefore

N—2

Er—Er=) 6(n)=0

n=1

QED
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Identities

Alternative interpretation of p(n+ 1,1,0) — p(n,0,1) = 0:

(o,0) n 1 nn

» The only way the buffer can go
from n+ 1 to n is for the state
to go to (n,0,1).

(0,0)

(0.1)

» The only way the buffer can go
from n to n+ 1 is for the state
to go to (n+1,1,0).

(1,0)

(GO

2.852 Manufacturing Systems Analysis 77/165 Copyright (©2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines M . Mz

Identities

Flow rate/idle time

E= 61(1 - pb).

Proof: From the definitions of E£; and Dq, we have

prob [n < N| = E + Dy,

E
or, l—pb:E—i—&E:—.
rn €1

Similarly,

E= 62(1 - Ps)
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Analytical Solution

1. Guess a solution for the internal states of the form
p(n, a1, az) = &j(n, a1, 00) = XY Y52
2. Determine sets of X, Y1;, Yo; that satisfy the internal equations.

3. Extend &(n, a1, a2) to all of the boundary states using some of the
boundary equations.

4. Find coefficients C; so that p(n, a1, ) = Zj Gi&(n, a1, az) satisfies
the remaining boundary equationss and normalization.
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Analytical Solution

Internal equations:
X" = (1 — r1)(1 — rz)X" —+ (1 — rl)pQXnYQ + p1(1 — rz)X"Yl + p1p2XnY1 Ys

XYoo= (1-n)npX"+(1—-n)1—-p)X"Ya+ pnX"Yi
+p1(1 — p2)X"Y1Y>

Xn+1 Y, = r1(1 — I’z)Xn + I’1p2XnY2 + (1 — pl)(l — rz)X"Yl + (1 — p1)p2XnY1 Y,

XnY1Y2 = r1r2X” + r1(1 — pz)XnYQ + (1 — pl)r2X"Y1 + (1 — p1)(1 — pz)XnY1Y2
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Two-Machine, Finite-Buffer Lines
Analytical Solution

1= (1 — r1)(1 — r2) + (1 — r1)p2Y2 +

X71Y2: (1—r1)r2+(1—r1)
+pi(1—p2)Y1Y2

] Ml M,

p(l—nr)Yi+pip2 V1Yo

1=-p)Yo+pinY

XYi=n(l—-n)+npYo+(1-—p)1-n)Y1+ (1 -p)pY1Yo

YivYo=nn+n(l-—p)Yo+ (1 —p)rYi+ (1 —p)(1—-p2)V1Y2
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Analytical Solution

1=1-n+Yip)(1—r+ Yap2)
XWYo=(1-n+Yip)(r+ Y2(1 - p2))
XY1=(n+Yi(1—p1))(1—r2+ Yap2)

YiYe = (n+ Vi1 = p1)) (2 + Ya(1 = p2)
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Analytical Solution

Since the last equation is a product of the other three, there are only three
independent equations in three unknowns here. They may be simplified further:

1=(1-n+Yip)(1—r+ Yop)

n —+ Yl(l — pl)

XY =
! l—-n+Yim
Ys(1 —
X71Y2 _ r2+ 2( P2)
1—n+ Yo
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Analytical Solution

Eliminating X and Y5, this becomes
0 = YZ(p1+p2— pip2— pir)
— Yi(n(pr+p2—pip2—pir2) +pi(n+r—rnrn—rnp))
+n(n+rn—nn—np),

which has two solutions:

r v — n+nrn—nn—np
>

Y= 2= .
p1 p1+ p2 — p1p2 — pir2
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Analytical Solution

The complete solutions are:

n Yi2 =
Yll = 12
b1
r —
Yo =— Y2
P2
X1=1 Xo =
2.852 Manufacturing Systems Analysis 85/165

n+rn—nrn—np
p1+ p2— p1p2 — pir2

_n +r—nn—pn
p1+ p2— p1p2 — p2n

Yo
Yo
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Analytical Solution

Recall that £(n, a1, ) = X" Y™ Y52,

We now have the complete internal solution:

p(n, a1, a0) = Gi&i(n, a1, ) + Géo(n, a1, az)

= C1X1n Yﬁl Y;f + C2X2n Yfél Y;éZ.
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Analytical Solution

Boundary conditions:

If we plug the internal expression for £(n, a1, ) = X" Y Y32 into the
right side of

6(17 07 1) = (1 - I’1)I’2§(2,0, 0) + (1 - rl)(]- - P2)€(270; 1)+
p1r2£(27 1’ O) + ,D]_(]- - p2)£(27 1) 1)’

we find

5(1’07 1) = XY>

which implies that
p(1,0,1) = G Yo1 + G X5 Yoo.
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Analytical Solution

Recall that
p(2,1,0) = p(1,0,1).
Then
CiX2 Y11 + GX3Yio = G X1 Yor + GoXo Yoo,
or,
(aXEvi - X Ya) + (GXEYie - GXoYar) =0,
or,

G X1 (Xl Y1 — Y21) + GXo (Xz Y12 — Y22) =0,
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Two-Machine, Finite-Buffer Lines
Analytical Solution

Recall

Y2,

X = 22
7 Y

Consequently,

Gx (XY - Ya) =0,

Q<£_2>_Q
pP1 p2

if 222 then ¢, =0.
P1 P2

or,

Therefore,
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Two-Machine, Finite-Buffer Lines
Analytical Solution

] Ml M,

) r r . .
In the following, we assume = #* 2 and we drop the j subscript.

P1 P2
But what happens when n_=n ?
p1 P2
And what does nh_nr mean?
P1 P2
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Analytical Solution

Combining the following two boundary conditions ...

rlp(Ov Oa 1) = (1 - r1)r2p(1, Oa 0) + (1 - rl)(l - P2)P(1, 07 1)
+pi(1 - p2)p(1,1,1).

p(1,1,1)= nrp(0,0,1)+ rirnp(1,0,0) + ri(1 — p2)p(1,0,1)
+(1=p)(1 = p2)p(1,1,1)

gives

p(lv 1a 1) = r2p(1v Oa 0) + (1 - p2)CXY2 + (1 - p2)p(1v 1a 1)

or,
p2p(17 1) 1) = r2p(1a 07 O) + (1 - P2)CXY2

There are three unknown quantities: p(1,0,0), p(1,1,1), and C.
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Analytical Solution

Another boundary condition,

P(LO, 0) = (1 - rl)(l - rg)p(l, 0, 0) + (1 - rl)p2p(17 0, 1) + p1p2p(1, 1, 1)

can be written
(n+r2—nr)p(1,0,0) = (1 — n)p2CXY2 + p1p2p(1, 1, 1).

which also has three unknown quantities: p(1,0,0), p(1,1,1), and C. If we eliminate
p(1,1,1) and simplify, we get

(n+nrn—nn—pr)p(1,0,0) = (p1 + p2 — p1p2 — p2n) CXYa.
From the definition of Y2, (slide 85),

p(1,0,0) = CX.
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Analytical Solution

If we plug this into the last equation on slide 91, we get

p2p(1,1,1) = CX(r2 + (1 — p2) Y2)

or

X - -
p(1,1,1) = =2 ntrnonnonp
P2 p1+ p2 — p1p2 — rp2

Finally, the first equation on slide 91 gives

n+nrn—nrn—rnp
rnp2

The upper boundary conditions are determined in the same way.

p(0,0,1) = CX
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Analytical Solution

Summary of Steady-State Probabilities:

p(0,0,0) 0
rn—+nrn—rnrn-—or
p(0,0, 1) X 1 2 12 1P2
np2

p(0,1,0) 0
p(0,1,1) 0
p(1,0,0) cx
p(1,0,1) CXYy
p(1,1,0) 0

CX n+nrn—nmn-—n
p(l,l,l) = 1 2 12 1P2

2.852 Manufacturing Systems Analysis

P2 p1+p2—p1p2 — rp2

94/165

Boundary values

p(N —1,0,0)
p(N —1,0,1)
p(N —1,1,0)
p(N —1,1,1)

p(N,0,0)
p(N,0,1)

p(N,1,0)

p(N,1,1)

cxN-1
0

cxN -ty

cxN—-1 n+rmn-—nrnmn-—pnr

p1

CXN71

0

P1+ P2 — p1P2 — P12

n+n—nn-—pn

p1r2
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Analytical Solution

Summary of Steady-State Probabilities: Internal states, etc.

p(n, a1, ) = CX"YM Y2,
2<n<N-2;, a;=0,1; ap=0,1

where

n+nmn—nr—np

Y, =
p1+ p2 — pip2 — pir2
v, — n+nrn—nn—pn
h =
p1+p2— p1p2 — np2
Yo
X = =
Y1

and C is a normalizing constant.
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Analytical Solution

Observations:

Typically, we can expect that r; < .2 since a repair is likely to take at least 5
times as long as an operation. Also, since, typically, efficiency = r;/(r; + p;) > .7,
pi < .4r;, p(0,0,1), p(1,1,1), p(N —1,1,1), p(N,1,0) are much larger than
internal probabilities.

This is because the system tends to spend much more time at those states than
at internal states.

Refer to transition graph on page 60 to trace out typical scenarios.
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Limits

If n — 0, then
If o — 0, then
If pp — 0, then
If pp — 0, then

If N — oo
and e; < e, then

2.852 Manufacturing Systems Analysis

E—0,ps—1,ppb—0,n—0.
E_707pb_717p5_)0aﬁ_)N'
ps = 0,E —1—p, —e,n— N—e.

pp—0,E—1—ps— e, n— er.

e
E—e,pp—0,ps—1——.
&
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Limits

Proof:

Many of the limits follow from combining conservation of flow and the
flow rate-idle time relationship:

n

(1 py) = —2—(1 - ps).

rn—+p1 rn+ p2

E =

The last set comes from the analytic solution and the observation that if
e1>e, X>1andifep < e, X <1
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Behavior

(]
e
_ 1

IS

~
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Two-Machine, Finite-Buffer Lines
Behavior

20 \ ‘
0 w !
) 2000 4000

UM@M

00000

rn = .1,p1 = 01, rn = .1,p2 = 01, N =100
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Behavior

()

J
0 2000 4000 6000 8000 10000
t

r=.1,i=1,2p =.02,p»=.01,N =100
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Behavior

J

60
40 UU

ﬂ

Mfu ;

\{

T
|

by

T

4000

6000 8000 10000

r=.1,i=1,2p =.01,p,=.02, N =100
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Two-Machine, Finite-Buffer Lines

Behavior

Deterministic Processing Time

0.5

0.4

T = P E -;
p1=".1 ]
03 ]

rp = 1 r ]
P2 = 1 E 1
T T T I S AN IS MO R |

0 50 100 150 200
N

r =0.14
1

r =0.12
1

r =0.1
r =0.08
1

r =0.06
1
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Behavior
Discussion: Deterministic Processing Time
» Why are the curves 05F s -
increasing? [ e

» Why do they reach an
asymptote?

v UL

0.4

P IS e eeeeg
» What is P when N = 07? : ]
> What is the limit of P as 03l E
N — oc0? F L
» Why are the curves with b ! L ! 1
0 50 100 150 200
smaller r; lower? N
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Behavior
Discussion:
» Why are the curves increasing?
» Why different asymptotes?
» What is 7 when N = 07
» What is the limit of ias N — co? i
»> Why are the curves with smaller
r1 lower?
2.852 Manufacturing Systems Analysis 105/165
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Two-Machine, Finite-Buffer Lines

Behavior

Deterministic Processing Time

r =014
1

r =012
1

r =01
r =0.08
1

r =0.06
1

Ml My ™

Deterministic Processing Time

» What can you say about the optimal buffer size?

» How should it be related to r;, p;?

2.852 Manufacturing Systems Analysis
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Behavior

Questions:

» If we want to increase production rate, which machine should we
improve?

» What would happen to production rate if we improved any other
machine?

2.852 Manufacturing Systems Analysis 107/165 Copyright (©2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines M . Mz

Production rate vs. storage space

Machine 1 more improved

Machine 1 improved
Improvements to

non-bottleneck Z

machine.

Identical machines

L L L L L L
20 40 60 80 100 120 140 160 180 200

N
Note: Graphs would be the same if we improved Machine 2.
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Average inventory vs. storage space

Inventory increases as the
(non-bottleneck) upstream
machine is improved and as

the buffer space is increased. s}
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200

] Ml M,

180 ﬁ
160 -
140
120

100 -

60

20+

0 I

Machine 1 more improved

Machine 1
improved

C/Identical machines

0 20
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Average inventory vs. storage space

> Inventory decreases as »f 1
the (non-bottleneck) w0}
downstream machine
is improved. Identical machines

ved

= . Machine 2 more improvec\

20 40 60 80 100 120 140 160 180 200

N

» Inventory increases as
the buffer space is
increased.
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Frequency and Production Rate

Should we prefer short, frequent, disruptions or long, infrequent,
disruptions?

0.95

» rn =028, pp=0.09 N=10

09 —

» r and p; vary together and rlﬁpl =9 }
b ,
» Answer: evidently, short, frequent = ]
failures. '

» Why?

08 —
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Production Rate

P > M,
M, slow > n = .1,p1 =.01
M, fast  — > M2
- > rn=.1p=.01 — Fast
M, very slow \_/ » rn=.01,p=.001 — Slow
T > 1, = .001, pp = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Production Rate

| 4 Ml
> n = .1,p1 =.01
| 4 M2

/ » rp=.1,pp = .01 — Fast
L » rn = .01, p, =.001 — Slow

» rn =.001, p = .0001 — Very slow

2.852 Manufacturing Systems Analysis 113/165 Copyright (©)2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines

Frequency and Production Rate

0 B0 100 1200 1400  1s00 1800 2000

2.852 Manufacturing Systems Analysis

le

PMQ

n = .1,p1 =.01

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow
» rn =.001, p = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Production Rate

| 4 Ml
> n = .1,p1 =.01
| 4 M2

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow
» rn =.001, p = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines

Frequency and Production Rate

2.852 Manufacturing Systems Analysis

| 4 Ml
> n = .1,p1 =.01
| 4 M2

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow
» rn =.001, p = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Average Inventory

| 4 Ml
» rn=.1p =.01

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow

/ » r, =.001, p, = .0001 — Very slow
—
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Average Inventory

» Ml
. » n=.,p =.01
| 4 M2

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow
» rn =.001, p = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Frequency and Average Inventory

5 &8 8 8 8 8 8 B B
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| 4 Ml
> n = .1,p1 =.01
| 4 M2

> = .1,p2 = .01 — Fast
» rn = .01, p, =.001 — Slow
» rn =.001, p = .0001 — Very slow
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

Exponential processing time: exponential processing, failure, and repair time;
discrete state, continuous time; discrete material.

Assumptions are similar to deterministic processing time model, except:
> 0t = the probability that M; completes an operation in (t,t + 0t);
> p;dt = the probability that M; fails during an operation in (t, t + dt);
> r;t = the probability that M; is repaired, while it is down, in (t,t + dt);

We can assume that only one event occurs during (t,t + dt).
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Exponential processing time model

a
s

(1,0)

1)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

Performance measures for general exponential lines
The probability that Machine M; is processing a workpiece is the efficiency:

E; = prob [a,- =1,n_1>0,n< N,'].

The production rate (throughput rate) of Machine M;, in parts per time
unit, is

Pi = piEj.
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Two-Machine, Finite-Buffer Lines M . Mz

Exponential processing time model

Conservation of Flow
P=P =P,=...=P,.

This should be proved from the model.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

Flow Rate-ldle Time Relationship

The isolated efficiency e; of Machine M; is, as usual,
ri
ri + pi

and it represents the fraction of time that M; is operational. The jsolated
production rate is

€

Pi = Ki€.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

The flow rate-idle time relation is

E; = ej prob [nj_1 > 0 and n; < N;].

or
P = p; prob [nj—1 > 0 and n; < Nj].

This should also be proved from the model.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

Balance equations — steady state only
] = adz = 0:

p(n’oa 0)(I’1 + I’2) = p(n? 1, O)Pl + p(n’oa 1),02,
1<n<N-1,

p(0,0, 0)(I’1 + I’2) = p(O’ ]-7 0)p17

p(Nv 0,0)([’1 + I’2) = p(N?Oa 1),02
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

a; =0,ap=1:

p(n707 1)([’1 + p2 + P2) = p(na 070)r2 + p(na 1, 1)p1
+p(n+17071)ﬂ271 <n<N-1

p(O, 0, 1)[’]_ = p(O, 0, 0)[’2 + p(07 L, l)Pl + p(17 0, 1),“2

p(Nv 0’ 1)(r1 + p2 + P2) = p(Nv 0,0)I’2
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

a;=1,a,=0:

p(”? 17 0)(p1 + H1 + r2) = p(n - 17 170)/1’1 + p(”v 070)r1
+p(n,1,1)p,1<n<N-1

p(ov 1,0)(,01 + g1+ I’2) = p(O, O’O)rl

p(N, 1, 0)[’2 = p(N - 1,1, 0#1 + p(Nv O’O)rl + p(N? 1, 1),02
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

a;=1,ay =1:

p(nvlal)(pl+p2+,ul+,u2) = p(n_17151),u1+p(n+17151),u2
+p(n,1,0)r, + p(n,0,1)r, 1<n<N-1

p(Ov 1a 1)(P1 + /1'1) = p(la 17 1)#2 + p(oa 17 0)r2 + p(oa 07 1)r1

p(N7 1) 1)(p2 =+ ,LL2) = p(N - 17 1) 1),“1 + p(N7 1) 0)r2 + p(Na 07 1)f1
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Two-Machine, Finite-Buffer Lines M . Mz

Exponential processing time model

Performance measures

Efficiencies:
N—1 1
=) > pnlao)
n=0 a»=0
N 1
E, :Z p(nvalal)'
n=1a;=0
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Two-Machine, Finite-Buffer Lines

Exponential processing time model

Production rate:

P =k = poks.

Expected in-process inventory:

n=

11
Z Z np(n, a1, az).

N
=0 a1=0 ap=0

n
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Solution of balance equations

Assume

p(n, a1, az) = X" Y1 Y52, 1<n<N-1
where ¢, X, Y1, Y, are parameters to be determined. Plugging this into the
internal equations gives

p1Y1+pYo—nn—n=0

1 r
—-——-1)-pYi+n+——-—p1=0
M1<X ) piriTn Y, p1

r
,uz(X—l)—P2Y2+722+f2—P2=0
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

These equations can be reduced to one fourth-order polynomial (quartic)
equation in one unknown. One solution is

vn:;—l
1
r
Yo =—
P2
X1=1

This solution of the quartic equation has a zero coefficient in the expression for
the probabilities of the internal states:

4
p(n, a1, a0) = ZCJ'XJ-"YSI Y;}f2 forn=1,...,N—1.

Jj=1

The other three solutions satisfy a cubic polynomial equation. Compare with slide
85. In general, there is no simple expression for them.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Exponential processing time model

Just as for the deterministic processing time line,

» we obtain the coefficients c1, ¢, ¢3, ¢4 from the boundary conditions and the
normalization equation;

we find ¢; = 0; (What does this mean? Why is this true?)
we construct all the boundary probabilities. Some are 0.

we use the probabilities to evaluate production rate, average buffer level, etc;

vVvyVvVvyy

we prove statements about conservation of flow, flow rate-idle time, limiting values
of some quantities, etc.

» we draw graphs, and observe behavior which is qualitatively very similar to
deterministic processing time line behavior (e.g., P vs. N, fi vs N, etc.).

We also draw some new graphs (P vs. i, i vs u;) and observe new behavior. This is
discussed below with the discussion of continuous material lines.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Continuous Material model

Continuous material, or fluid: deterministic processing, exponential failure and
repair time; mixed state, continuous time.; continuous material.

> 6t = the amount of material that M; processes, while it is up, in
(t,t+0t);

> p;dt = the probability that M; fails, while it is up, in (t,t + dt);

> r;6t = the probability that M; is repaired, while it is down, in (t,t + dt);
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Model assumptions, notation, terminology, and conventions

During time interval (t, t + 0t):

When 0 < x < N

1. the change in x is (a1p1 — azp2)dt

2. the probability of repair of Machine i, that is, the probability that
aj(t + dt) = 1 given that a;(t) =0, is r;dt

3. the probability of failure of Machine i, that is, the probability that
aj(t + d0t) = 0 given that a;(t) = 1, is p;dt.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

When x =0

1. the change in x is (a1p1 — apup) ™ot
(That is, when x = 0, it can only increase.)

2. the probability of repair is r;dt
3. if Machine 1 is down, Machine 2 cannot fail. If Machine 1 is up, the
probability of failure of Machine 2 is pé’ét, where

P2t
Pg =
K2

The probability of failure of Machine 1 is p;dt.

= min(p1, p2)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

When x = N
1. the change in x is (ayu1 — appp)~dt

2. the probability of repair is r;dt

3. if Machine 2 is down, Machine 1 cannot fail. If Machine 2 is up, the
probability of failure of Machine 1 is pf’ét, where

1
H1
The probability of failure of Machine 2 is pydt.
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Transition equations — internal

f(x, a1, a2, t)dx + o(dx) is the probability of the buffer level being between
x and x + dx and the machines being in states «;; and ap at time t.

(0,0

(0.1)

(1,0)

1)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Then
f(x,1,1,t+0t) = (1—(p1+ p2)ot)f(x — p10t + ppdt, 1,1, t)
+r0tf(x + pdt,0,1,t) + ndtf(x — p1t, 1,0, t)
+o(dt)
or

f(x,1,1,t 4+ 0t) =

of
(1= (o1 + p2)00) Fx 1.10) + 50 1L )t + ) )

+rotf(x + pu20t, 0,1, t) + rdtf(x — p1dt, 1,0, t) + o(dt)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

or
f(x,1,1,t+0t) =

of
(1 —(p1 + p2)ot) (f(x, 1,1,t) + &(X, 1,1, t)(p2 — ,u1)5t>
of
+rdt (f(x, 0,1,t) + 5(x,0, 1, t)ugdt)

+nét (f(x, 1,0,t) — %(X, 1,0, t)u15t> + o(dt)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

or
f(x,1,1,t 4+ 0t) =
of
f(x,1,1,t) — (p1 + p2)f(x,1,1,£)t + (u2 — ul)&(x, 1,1,t)o0t
+nrf(x,0,1,t)dt + rnf(x, 1,0, t)dt
or, finally,
of of
a(xv L, 1) = _(Pl + P2)f(X7 1, 1) + (:u2 - Ml)a(xv L, 1)

—I—I’lf(X, 0, 1) + I’Qf(X, 1, 0)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

Similarly,
of
E(X,O,O) =—(n+ nr)f(x,0,0)+ p1f(x,1,0) + pof(x,0,1)
of of
E(X,O, 1) = uga(x,o, 1)—(rn+ p2)f(x,0,1) + p1f(x,1,1) + rnf(x,0,0)
of

of
E(Xv 1a0) = _Mlg(xv 1a0) - (pl + r2)f(Xa 170) + p2f(Xa 17 1) + rlf(XaOvO)
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Transition equations — boundary

p(x, a1, az, t) is the probability of the buffer level being x (where x = 0 or
N) and the machines being in states o1 and «; at time t.

Boundary equations describe transitions from boundary states to boundary
states; from boundary states to interior states; and from interior states to

boundary states.

Boundary equations are relationships among p(x, a1, az, t) and
f(x, a1, ap,t) and their derivatives for x =0 or x = N.
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' Transitions into (0,0,0)

(0,0)

0,1)

(1,0

(1.1)

|
|
x=0 wa&

We must construct an equation of the form

p(0,0,0,t + dt) = p(0,0,0, t) + Adt + o(dt)
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Two-Machine, Finite-Buffer Lines ] Ml M ™

' Transitions from boundary states into (0,0,0)

1= 18+ r,& 3 P&

1

(0,1) !
€0 ¢

The system can go from (0,0,0) to (0,0,0) if there is no repair. It can go from
(0,1,0) if the first machine does not fail.

It cannot go from (0,0,1) to (0,0,0) because the second machine is starved and
cannot fail. To go from (0,1,1) to (0,0,0) require two simultaneous failures, which
has a probability on the order of §t2.
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' Transitions from internal states into (0,0,0)

00) : j
©1 ‘b_
€0 ¢
G ¢
X : 0 p:&

To go from (x, a1, a2),x > 0 to (0,0,0), we must have
0 < x < apupdt — 1ot

For example, if a3 =0 and ap = 1, we are considering transitions from (x,0,1)
to (0,0,0) where 0 < x < p2dt.
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' Transitions from internal states into (0,0,0)

©.0) ‘ |
0,1) L

€0 ®
°

(1)

x=0 wa
But

prob ([0 < x < u2dt],0,1) = f(x,0,1)u2dt + o(dt) = (0,0, 1)u2dt + o(dt)
and the transition probability from (0,1) to (0,0) is

(1 = ndt)p2dt + o(dt) = padt + o(dt).
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' Transitions from internal states into (0,0,0)

00) : j
©1 ‘b_
w0) ¢
@y ¢

x=0 wa&

Therefore, the probability of going from ([0 < x < p0t],0,1) to (0,0,0) is

f(x,0,1)uopadt® + (3t)o(5t) = o(dt)

For other transitions from (x, a1, a2),x > 0 to (0,0,0), the probabilities
are similar or smaller.
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Two-Machine, Finite-Buffer Lines

] Ml M,

' Transitions from boundary states into (0,0,0)

1-ra+ra ! pd

©1) !
(1,0) ;
(1.1) ;
‘o
Therefore

p(0,0,0, t+ (51’) = (1 — ot — I‘25t)p(

or
d
EP(O’ 0, 0) = —(r1 + I‘2)p(0,

2.852 Manufacturing Systems Analysis 150/165
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Consider state (0,1,0). As soon as the system enters this state, it leaves.
This is because x must immediately increase. Therefore

p(0,1,0) =0

even if the system is not in steady state . Therefore

d
Ep(ovo’o) = _(rl + "2)P(0,070)

In steady state,

p(0,0,0) =0
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' Transitions into (0,0,1)

p(0,0,1,t+6t) = nrdtp(0,0,0,t)+ (1 — rndt)p(0,0,1,t)

p2dt
+p1tp(0,1,1,t) +/ f(x,0,1, t)dx
0
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' Transitions into (0,0,1)

or,

d
EP(Oa 07 l) = rQP(O, 07 O) - rlp(oa 07 l) + plp(07 la 1) + ,U2f(07 Oa 1)
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(0.1)

X

(0,0) ®

\\r1& 3
(1,0) ® \
1- pat+ ia ‘ |

' Transitions into (0,1,1), = Hy

=0 (W, — 1 )3t

p(0,1,1,¢ + ot)

2.852 Manufacturing Systems Analysis

= (1—(p1+p5)ot)p(0,1,1,t) + ndtp(0,0,1,t)

(p2—p1)ot
—|—/ f(x,1,1, t)dx,
0
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' Transitions into (0,1,1), [ % 2

0.0 °

©.1) 3

\\rla
w0) o j
1- pt+pa 1

—p(O, 17 1) = _(Pl + pé’)p(O, 17 1) + rlp(07 0’ 1)
+(p2 = p1)f(0,1,1), if p1 < o

2.852 Manufacturing Systems Analysis 155/165 Copyright (©)2010 Stanley B. Gershwin.



Two-Machine, Finite-Buffer Lines ] Ml M ™

Transitions into (0,1,1), po < p1
If x(t) =0, the transition from any (as(t), a2(t)) to

(a1(t +0t), aa(t + 0t)) = (1,1) would cause x to increase immediately.
Therefore

p(0,1,1) =0
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To come:

» Other boundary equations

» Normalization
1 1 N
550 [ [ flranas)aect p(0,ar,an) + oW, o)] = 1.
a1=0 a=0 0

» Production rate

N
Py = i M (f(x,0,1) + f(x,1,1))dx + p(N, 1, 1)] + u1p(0,1,1).

N
=P = [/0 (f(x,1,0) + f(x,1,1))dx + p(0, 1, 1)} + p2p(N, 1,1).

» Average in-process inventory

%= zlj 21: UONxf(X,al,ag)dH Np(N,al,ag)] .

a1=0 ar=0
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Also to come:
> Identities (in steady state)

» Conservation of flow; Blocking, Starvation, and Production Rate;
Repair frequency equals failure frequency; Flow Rate-ldle Time; Limits
» Solution technique

> Internal solution; transient states;
A
f(x, 01, a2) = Ce™ Y Y2

Cases (1 < p2, 1 = p2, p1 > p2); boundary probabilities
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Two-Machine, Finite-Buffer Lines

Exponential and continuous line performance

v

n = 009, P1 = 00]., M1 = 1.1
r, = 0.08, p1 = 0.009
N =20

v

v

v

Explain the shapes of the graphs.

2.852 Manufacturing Systems Analysis 159/165
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Exponential and continuous line performance

N}
=}

T
Exponential
Continuous

» Explain the shapes of the
graphs.

.
Sy

L L e s

Sl
o

o

H2
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Exponential and continuous line performance

The no-variability limit:
Consider a new continuous-material two-machine line. It is has parameters
Wy, Py b, 15, Phy N'. Assume it is perfectly reliable and its machines have the
same isolated production rates as those of the first continuous-material
two-machine line. It also has the same buffer size.
Its parameters are therefore given by

wy = p1; i unspecified; p; =0, N =N

wh = pa; rj unspecified; pb =0

where r
P ri + pi
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Exponential and continuous line performance

20 e
4 —_ ———  Exponential 1
P ] nt ——  Continuous 1
L ] . ——  No-variability limit |
08 . 15 B
06 i r ]
L ] 10 -
04 1 r 1
[ ] 5 ,
0.2 — - r 4
r No-variability limit - r q
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Exponential and continuous line performance

Exponential and Continuous Two-Machine Lines
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Continuous material and Deterministic Processing Time Lines

INTUITIVE EXPLANATION OF TRAMGFORMATION

e Rl

EBGUITVALENT

4 Wl
2:4

Fi_%tque 6.8 in Schick, Irvin C. "Analysis of amultistage transfer line
with unreliable components and mterstag[()a buffer storages with
oblems." Master's thesis, MIT, 1978.
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Continuous material and Deterministic Processing Time Lines

delta transformation
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