8.022 (E&M) — Lecture 13

Topics:
= B’s role in Maxwell's equations
= Vector potential

= Biot-Savart law and its applications

What we learned about

magnetism so far...
I
= Magnetic Field B

= Experiments: currents in wires generate forces on charges in motion

. . = vV =
= Force exerted on charge q with velocity vi: F = q —xB
C

= Explanation: there must exist a magnetic field B

= Special Relativity: B is just E seen from another reference frame...

- A4z
= Ampere’s Law: cj'> BedS =—1,..
¢ ¢ = 21 .
= Application: B generated by current in a wire: B=—¢@




Divergence of B

. . = 21 .
= Consider the B produced by a wire of current: B=—¢
Calculate its divergence in Cartesian coordinates:

. S . Xy yX
Given r=x*+y? and go=ycosw-xsm(,o=\/ﬁ-\/ﬁ =
X+y? Xty
g 2 % o2 Ayx  2v
B_cr[xzﬂtyz x2+y2j - or ([ (¢ +y")? (X +y?)
= This is a general property of the magnetic field:
= Similar equation for E: V+E =47p
= The divergence of E is related to the density of electric charges

= The divergence of B must be related to the density of magnetic charges
- Magnetic monopole don't exist

0

(There may be magnetic monopoles leftover from the Early Universe, but never observed
experimentally so far)
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Ampere’s law in differential form

= Apply Stoke’s theorem to Ampere’s law:

qCS Beds = 4: »
. . 4
iSB-ds:LvXB-dszT” _JedS

L (? B —47” J J-d§ =0 for any surface

. . . - Ar-
- Ampere’s law in differential form: |VxB =T7ZJ
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Toward Maxwell’'s equations

= Let's collect all the equations in differential form that we
found so far:

V+E = 4np € Relates E and charge density (p) - Gauss
V.B =0 < No magnetic monopoles!
VXxE=0 & E is a conservative field
VxB= Ar J € Relates B and its sources (J) - Ampere
C

= Not complete Maxwell’s equations yet, but we are getting
closer...
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Vector potential A
I

= Definition of potential for electric field:

= $(P) = work needed to move a unit charge from reference to P
= Relationship between ¢ and E: E = -V ¢
= Hidden advantage:

If E=-Vg = VxE =0 because Vx(Vg) =0 V¢
= Can we introduce something similar for B?

= Goal: enforce div B=0
= Since VeV x f =0 for any f, we define

B=VxA
= A s called “vector potential” in analogy with ¢

= A is not connected to work or energy (but to angular momentum)
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Non Uniqueness

» Electrostatics: given a charge distribution and boundary conditions >
potential ¢ is uniquely identified

= Magnetism: does it work the same for A? No, there are infinite
number of A corresponding to a single B
= Example: B = B,Z. Find A that creates this B field.

Requirements: Q: what current creates this B?
oA - -
BX:%_JZO AZ*J/BOX
oy o0z - R
oA, OA _ _ A=xBy
B,=—>*-—%=0 = Possible solutions: | . g
0z o =2 P)
_OA, OA 2
oy ox ° A = ...infinite others!

= We are given one “coupon” to simplify equations when needed
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Poisson’s equation for A

I
= Electrostatics:

E=-V¢
VeE = 4drp

= Magnetism:

= |V?¢ = —4zp| Poisson's equation

(W
<

X

ar
C

I N

. 4r . = VxVxA=-—-=
xB=—J c
c

J= [V(VeA)-VZA="2]

<\

We used the identity: VxV x A =V(VeA)—V2A (Pset#7)
= Use your coupon now!
N - Ar -

Choosing = [v2A=-2"]
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Solving Poisson’s equation for A
I

4

How do you solve V24 =-227 2
c

V2A, = _4_”JX

c

. - . . 2 4z
Think of it in cartesian coordinates: VA =-—1J,

c

'y
VZAZ = —TJZ

Remember Poisson's equation V?¢ = —4zp and its solution ¢ = Iﬁdv
r
4

Same as our new equation if replace ¢ —» A and p — i:> A= l.[idl/
c

cyr
. . . -/ dl
For current flowing in a wire: |A=— | —
C wire r
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Biot-Savart Law
N

Using the fact that V x (ab)=a(V x b)+(Va) x b:

=L [ L@wan+visai |- L [ L@nany+vinar
r r r r

wire wire

Since VxdI=0 and ?lz —LZ-
r r
I 7
= B =— | d x—
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Biot-Savart Law: illustration

I
= Biot-Savart: dB =La’7xL2
c r

dl
r

® dB

= dB is perpendicular to current and to radial direction
= E.g.:ifyouhavedl //x,r/ly > Bl/z
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Application of Biot-Savart: ZI
B from loop of current Y

I
= Calculate B created by a loop of current 90.0

= Radius: R - 7'

= Distance from center of the loop: z l .
= Solution on axis 0

= Apply Biot-Savart
= Determine direction of dB
= Symmetry = only component // z survives -

B:Wijre(dé)z =WLC;—2 dfxf‘sine .

‘dfxf‘z‘di‘=ﬁdqo; sin@=R/r; r=~NR*+h?

-~ . 2r o 27 IR? - - 27l .
B = R sin ‘9".0 d§02 = WZ = B/oop center — C_/'?Z

2

cr




Application of Biot-Savart:
B from solenoid

I
= What if we stack a N rings over a length L? [————
= Use result of single loop + superposition: N
N
: - 27R? N
Single ring: dB =mdl b/
Integrate on all rings (in the middle of the solenoid) |
= (2 27R° 2znl iz RPdz 5
:I W’”dz = J- 27372 N
L2 o(R? + 2%) 112 (R 4 7%) e
_2mnl 2L N —
¢ JPiap? With n=N/L [~
~ N
N ~ A

= For L>>R: g2l

G. Sciolla — MIT & 8.022 — Lecture 13 13

Solenoid and Ampere’s law
I

= One can prove that B outside the solenoid is =0
= Ampere can be used to simply prove that B does not

B \\\\\\\\\\\
i

Since B is //z and present only inside the solenoid:

B(r)L:ﬂ Nl = B(r)= ﬁ% /= ﬁnl no dependence on R
c c c
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Solenoid’s magnetic field: demos
I

= Expected:

= Can we test this experimentally?
= G12: B from a single wire using iron filings
= G13: B from 2 wires
= G16: B inside solenoid
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More demos on magnetic fields

= More demos:
= G14: map B around a wire using a compass
= G9a: collapsing solenoid
= Can you explain what's happening?
= G18: Long solenoid

= Long solenoid with N,,,=2760, 1=4.5 mA, length = 46 cm
(R=10 Q, L=128 mH)

=« What is B?
B =27y 27 2790 4 5 230.0° Gauss 727
c 3.0° 50

= Verify with Hall probe
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Thompson’s experiment: variation

= Variation on a theme: instead of canceling effects of E and
B, one could tune the fields and measure the radius of
curvature of the electron beam.

= Parameters of the problem:
= V=300V
= 1=14A
= R=5cm

= Solution:
= e/m=2.02 x 101 C/Kg (cfr: 1.76 x 10! C/Kg)
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Summary and outlook

= Today:

= Toward Maxwell's equations: VeB=0 and VxB=
« Vector Potential: B =V x A

) — /! -~ 7
= Biot-Savart Law: dB = —d/ x—

c r

= Next time:
= What happens when B varies in time?
= Faraday’s and Lenz’s laws and their applications
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