
8.311: Electromagnetic Theory Problem Set # 3 Due: 2/24/04 

Macroscopic Electro dynamics. Electromagnetic waves. 
Reading: Schwinger, Chap. 4, 11, 26 (or Jackson, Chap. 4,5) 

1. Boundary conditions at dielectric interfaces. 

a) Starting from Maxwell equations for E, D, B and H, 

1 ∂ 4π �×H = 
c ∂t 

D + 
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j , � ·B = 0 (1) 

1 ∂ −�× E = 
c ∂t 

B , � ·D = 4πρ (2) 

derive relations between these quantities at an interface of two different dielectric materials. 

b) Consider an interface of two dielectrics with permeabilities �1 and �2. Given the angle θ1 between 
the field E1 and the normal to the inteface, find the angle θ2 in the other dielectric.


c) Consider an interface of two materials with magnetic permeabilities µ1 and µ2. Given the angle

θ1 between the field H1 and the normal to the inteface, find the angle θ2 in the other material.


2. Image charges and dipoles. 

a) Consider a point charge q placed at a distance a above a flat dielectric surface. The dielectric 
constant is �. Find the electric field inside and outside the dielectric. Show that the field outside can 
be represented as a sum of the field of the charge q and another charge q� placed within the dielectric. 
(The fictitious charge q� is called image charge.) What is the force on the charge q? Is it attraction 
or repulsion? 

b) For an electric dipole d placed near a flat dielectric surface, by generalizing the method of part 
a), solve the electrostatic problem. Find the image dipole d� magnitude and orientation. What is 
the force on the dipole d? 

c) Magnetic dipole m is placed a distance a away from a flat surface of a material with magnetic 
permeability µ. By generalizing the approach of parts a),b), or otherwise, solve the magnetostatic 
problem. Find the image dipole m�, and determine the force on the dipole m. 

3. One­dimensional waves. 

a) Consider the wave equation in one dimension, 

∂2f 1 ∂2f 
= 0 (3) 

2 ∂t2∂x2 
− 
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Show that its general solution has the form f(x, t) = fR(x− vt) + fL(x + vt) describing wavepackets 
moving to the right and to the left with velocity v.


b) Given the initial conditions ft=0 = F1(x) and ∂f/∂t|t=0 = F2(x), determine the right­ and left­

propagating components fL and fR.


c) Consider the wave equation (3) on a half­line x > 0 with a hard wall boundary condition f = 0

at x = 0. To obtain a general solution of this problem, consider the solution found in part a) and

fix the relation between the right and left component in f = fR + fL, so that f = 0 at the boundary

x = 0 at all times.




For a bell­shape function fL ∝ exp(−a(x+ vt)2), find fR and plot the solution f(x, t) at different 
times (t < 0, t = 0, t > 0), indicating the time evolution. Generalize this example and show that a 
wavepacket is reflected from a hard wall with its shape preserved and the sign reversed. 

d) Consider the wave equation (3) on a half­line x > 0 with a boundary condition 

(∂f/∂t)x=+0 = u(∂f/∂x)x=+0 (4) 

with u a constant. (This problem describ es transmission line loaded by an external impedance.) 
Construct a general solution in the form f = fR + fL and find the relation between the incident 
wavepacket (fL) and the reflected wavepacket (fR) form and amplitude. Compare the behavior at 
u < v, u = v and u > v. 

4. Electromagnetic wavepacket. 

The electric and magnetic fields at t = 0 are 

x, B = B0f(z)�E = E0f(z)� y , (5) 

with f(z) = exp(−az2) a bell­shape function. Find the electromagnetic energy and momentum 
density and their ratio. 

z and −�Show that at t > 0 there are two wavepackets travelling in the directions � z. At what 
ratio α = E0/B0 there is just one wavepacket? How much of the initial energy of the field is carried 
in the � z direction?z and −�

5. EM wave reflection from a dielectric surface. 

A linearly polarized plane wave is incident at the angle 90o from vacuum onto a flat surface of an 
isotropic, non­magnetic dielectric of dielectric constant �. 

a) Write down the 1d wave equations, describing this problem in vacuum for x > 0 and in the 
dielectric for x < 0. What is the relation between the electric and magnetic fields at the x = 0 
interface? 

b) Express the boundary conditions in the form (4), i.e. in terms of the field space and time derivative 
on one side of the interface. By generalizing the method used to treat wave reflection in Problem 3 
d), construct a solution describing wavepacket reflection and transmission. 

Given the amplitude of the incident wave E0, determine the amplitudes Er and Et of the reflected 
and transmitted waves, and find the reflection and transmission constants r = Er/E0, t = Et/E0. 

c) Now, consider a wave packet incident on the dielectric­vacuum interface from within the dielectric. 
Generalize the above solution and describe the transmitted and reflected wavepackets, find their 
propagation velocities, amplitudes, and determine the transmission and reflection constants t, r. 


