2 Cosmological Models with Idealized Matter

2.1 Model spaces: Construction

Spaces (and spacetimes) of high symmetry play a very important role in cosmological model-
building, and as examples (“solvable models”) of general relativity. The most important ones can
be considered as different odd sorts of spheres, so we start with those

1. 3d sphere
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e Spherical coordinates

21 = Rcos (%) r3 = Rsin (%) sin(#) cos(¢)
29 = Rsin (%) x4 = Rsin (%) sin(#) sin(¢)
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e Quasi-flat coordinates
Write 23 = R? — 2
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e Conformal coordinates It is often useful to write
d32 = f2<x)dsﬁat

if that is possible. (Penrose diagrams. . .later.) Starting from out previous form, we will
have this if we use n in place of r such that
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leading to 7 = tan (%) with sin(u) =
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or, after some algebra:
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The sphere supports the symmetry SO(4).

2. 3d hyperboloid (space of constant negative curvature)

(figure)
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e Spherical coordinates

zo = Rcosh (%)

1 = Rsinh (%) cos(6)

di* = —dx? + dx*

= da? + R?sinh? (7. ) (67 + sin®(6)ds?)

e Quasi-flat coordinates

x| =7

a;g:Rz—i-rQ

2 dr? 2 2 .2 2
di* = > + 77 (d6” + sin®(6)d¢?)
1+ &=
2 du? 2 2 .2 2
=R 1+u2—|—u (d6* + sin®(0)dop*)
e Conformal coordinates
4 .
di? = ar (dn? + 0 (d6° + sin®(0)d¢*))



with n = tanh (%) ,sinh(u) =
Supports symmetry SO(3,1),

.
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i.e. “Lorentz” symmetry, acting purely spatially!
To bring this out, use

xo = V1?2 + R%cosh(\)
z1 = V1?2 + R%sinh(\)

x9 = 1 cos(¢)

x3 = rsin(¢)

dl?> =

1
-dr? +12d¢” + (r? + R?)d\?
1+ 7
“Translations” A\ — A4 constant, corrisponding to boosts in the original variables, leave
this invariant.

3. de-Sitter spacetime
(figure)
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e Spherical coordinates

ds® = dzd — Z da?

= da? — R? cosh? (%) dA2 + sin2()) (d6? + sin?(0)d¢?)

unit 3-sphere

(7): exponential expansion!; minimum radius; spheres
e Quasi-flat coordinates

r2dr?
zt=1r? - R? dwg:@
9 d,),,2 9 2 . 92 2 -2 2
5= 0 ) @0 5 s 0%)
-



e Light-front coordinates

Seperate out planes (2,3, 24) = X |

Ty =x9+ 21 T_ = X9 — X1

2 2

Xt — R

22— 2?—x% = —R? ro="t
N—_—— Ty

4T

ds* = dxdr_ — dx3

de_ = 2x - dx dx—;(xi — R?)
Ty $+
9% -
d822d1'+< x dx—cm;r(XQ—RQ)> — dx?
Ty ZL'Jr

To remove the ugly cross-term, introduce v = f(z4)x. So

dv = fldz x + fdx
dv? = (f')?x*dx? + 2f f'x - dv + f?dx*

1
—dx® = — (—dv? + (f')*x*da?. + 2f f'x - dx)

I2
The z-term cancels if fTI = —i, f= ii (x4 >0).
Thus with v = >
+
dx 1
d82 = d.’L’+ (—x?:_(XQ — R2)> — xiva -+ E?@dmi
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Now with =, = Re!/E

ds® = dt* — R%e!/Rdv?
which is an expanding flat spatial metric.

e Conformal coordinates

da?
ds* = Rin (: - dv2>
x
+
so with x4 = %
d 2 __ R2 d 2 d 2
s4 = ﬁ( u® —dv )
de-Sitter space has the symmetry SO(4, 1) from the hyperboloid definition.
In the light-front coordinates we have translation symmetries v.— v 4+ const. Where
do these sit? See Appendix 3.

We’ll have much more to say about de-Sitter space later (inflation).



2.2 FRW (Friedman-Robertson-Walker) spacetimes

These are constructed by choosing one of the maximally symmetric paces and letting its overall
scale vary with time. Thus

ds® = dt* — a*(t)dI?

a2 (462 + sin(0)d¢?)
1+ ku?
where
K =1 hyperbolic sections
K=0 flat sections
K = —1 spherical sections

These model spacetimes are homogeneous and isotropic, but evolving. They supply interesting first
models for the observed universe averaged over large scales.
2.3 Curvature Calculations

Our master formulas (with correct signs) are
fv

el
ef _ e e a
wil = (8 ey, — Oveg, + e,,e70pey) — (e = f)
af __ ab, o B
R;w = —FW €q €l
ab __ ab ab a c a c
F," = Opw, ™ — Gywu —w, w, G tw, w5

This is best exploited (for G diagonal) by using certain quasi-cartesian vierbeins

ac  —1

€ =009a  (so e =n"%g,")

1
1st term: g;l 3 08¢ 9.ge — 0 (symmetric in e < f)
net
1 1
2nd term: —inf”gflé Opge = —57] gfléeayge
1 _
3rd term: 51001, 9 960 Doy = 25f 1. Bpg
%,_/

fv,p,a all equal

So
wil =69, 0pgr — 557 g7 0, ge
mnemonic: “p matches on index, the other differentiates its g”
Example 1: 2d sphere (warm-up)

eé =1l=¢q ei = sin(f) = g2
w2 =0 (67, only, but d2g1 = 0)
wg” = + cos(0) (857"n'""g; ' D1g2)
Fypy 12— 89(0352 + (vanishing)
= —sin(0)
1
1 sin(0)
PN
0 &



By the way, this is the gauge field of a magnetic monopole (gauge group SO(2) = U(1))!
Example 2: 3d sphere

e>1< = 3 = sin(y) ez = sin(x) sin(¢)
w}f = wg? = cos(x) wf =0
w)l(?) =0 wgd =0 wf = cos(x) sin(0)
Flo 12— 8Xw52 = —sin(x)
F 13 — 8Xw¢1)3 = —sin(x) sin(6)

Fyy 13 - 890);53 - wézwgf’ = cos(x) cos(#) — cos(x) cos(f) =0
Fyy 2 = 89@0353 - wglwf’ = —sin(6) + cos?(x)sin(f) = —sin?(y) sin(6)

Thus

((?) The antisymmetry on indices p, v and a, b is automatic!)
or

b _ B B
R,,* = 4,06, — 0,0,
R, =269
R=6
Example 3: FRW cosmology (spatially flat case)
(Note: Mid-Latin indices are spatial, early Latin indices are internal)

ed =1 ef = 6ia(t)
ds* = dt* — a(t)?dx>
The only non-zero w is
wd = 6¢a
The non-vanishing components of the field strength are
d 0, ,0d 0, 0d

— (007 — o7 )

leading to the Ricci tensor components

Ro0 = —33(: _FOiOCez)
Ril = _Fij deieié — Fy, Ocelc
)
-(-2)s
R= —632 —62
a a



2.4 FRW Dynamics
The field equations (in g*?) are

v

1
R“V — 5(55R =81

We interpret 79, = p, Tij = —péj- (Check 1: for electromagnetism, 7%, = 0,p = %p)
From the preceding calculation

52

(8760 +0) =2 (z -9)

Another important and appealing equation comes from differentiating the first of these and

eliminating:
. . . 2
87Gp =62 (“ - “2)
a\a a

~ 3. 87rGg(p +p)

8rGp = 3%

a a® @)
8nGp = —2— — —

a a

or simply _
) a
p=-3+p) (3)

Another interesting thing is to see who’s responsible for acceleration:
a
81G(p+3p) = —6—
a

There is a simple interpretation of (2) and (3):
(2): Imagine a test particle along for the ride. Gravity “outside” cancels (Birkhoff theorem).
Conservation of particle’s energy

v2

~S G-Eordadm
M2z Z 38T P = mkr?
2 T
81
a2 - TP g,

3

We have this with £ = 0: neutral binding, critical “escape velocity”!

The non-zero values of k arise in FRW spaces with hyperbolic (k > 0) or (?) spherical (k < 0)
spatial sections - see the problem set.
(3): Imagine work done by an expanding fluid against pressure; take it from mass-energy

d (47 3 4 B d (47 5 4
i (o) == (o
d 3\ __ d 3
@(pa)— P&(a)

) a
p==3p+tp)_



Appendix 3: Translations within SO(4, 1)

Write the metric in block form:

-G ()

The condition for a near-identity transformation

to leave the metric invariant is

T T
T o« a' | c J‘O J‘O a‘b N
55 (z»T dT><01>+<01>(cd>~°

or (to 1st order)

atJ+Ja=0
Jb—c' =0
V'J—c=0
dl +d=0

With a = d = 0 the transformations 1 + (b%] 8) translate vectors (%) by (bﬁjr), i.e. with things
spelled out completely

o B —a 0
b:<5 ;);sobTJ: -3 7
K -y ¢
and
Ar — bs — [ + Bsa + ys3
051 + ns2 + ¢ss3
—ary + 6ry
As=b"Jr = | —Bri +nre
=11 + ¢ra
Transformations with § = —a,n = —(3, ¢ = —7 leave r| + ry fixed while translating s through
e
As=—| 8| (r1+mr2)
Y

So s/(r1 + r2) is translated in the conventional way. In our previous notation this is

S I (w2, 23,24) XL _ v
Sl ) To + X1 Ty

(This explains v.)



