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Dynamic Programming: Justification of the Principle of
Optimality

This handout adds more details to the lecture notes on the Principle of Optimality. As
in the notes, we are dealing with the case of IID return distribution.
Recall that the portfolio policy ¢, is a flexible function of the entire observed history up

to time t. We suppress this dependence in our notation. We will use notation

E(UWr)|or,...r-1)

to denote the time-t conditional expectation of terminal utility under the portfolio policy

(D1, Per1s ooy PT-1).

Recall the definition of the value function

E [UWn)|wor...o-1] = T8, W) (1)

,,,,,

We assume it has been established that at ¢, ¢t + 1, ..., T', the value function depends only
on W, and we verify below that the same is true at ¢ — 1.

By Law of Iterated Expectations, for any portfolio policy ¢;—1 71,

Eiq [U(WT)|¢t71 ..... Tfl] =Ei [EL [U(I/VT>’Q/)Z,,.A.,J‘fl“(btfl] (2)

The expected utility achieved by any portfolio policy cannot exceed the expected utility

under the optimal policy, and therefore

B [UWe)|¢r,.oa] < E [UW) 65 7] = J(t, W) (3)

.....

for any policy ¢;—1.. 7—1. We have used the definition of the value function in the last
equality above.
Substitute the upper bound from (3) into the right hand side of (2). We are replacing

E; [UWr7)|¢:.. 1] with something at least as large, J(t, W;), to obtain an inequality:

.....

Ei [UWD)| b1, 1] < Epoy [J(&, We)|dr—1] (4)
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Now, maximize the right hand side of (4) with respect to ¢;_1. This clearly produces a

valid upper bound on expected utility:

Bt [UOV)l0rs,aa] S B [0 WOloa) S maxEes [J(Wlea] — (9)

Let’s denote the optimal choice of ¢;_1 in (5) by 7¢?_,:

wax B,y [ /(1 Wt>|&>}_1} — By [J(t W) 6]
t—1

The upper bound on the expected terminal utility in (5) is achievable. Consider the policy

Dgr 1 B s Py

Under this policy, according to (5),

. N N Iterated Expectations
Ei [U(WT)‘('U@[A ()Pt - (t) (bel] =

1 - _(5)
Eis [E [UVD) 6 oo 6 ][0 ] W By W) Vo] S

Et—l [U(WT)|¢t—1 ..... T—l] 9 vCbt—l ..... T-1 (6)

Again, we have used the definition of the value function.

Thus, we have shown that the policy

Vi1 00 097
is optimal at time ¢ — 1, and it generates the time-(¢ — 1) value function, which equals

Tt =1, Wies) = max oy (0 Wo)lde1]
t—1

The above equation is the Bellman equation. Moreover, by inspecting the optimal policy,

we see that
t-1)0s =@ ¢5, s=tt+1,...T—1

and
001y =) 67, = argmax By [J(t, W)

Pt—1
The optimal portfolio policy is time-consistent, and can be computed from the Bellman

equation.



Note that, as a part of our argument, we have shown that the value function indeed

depends only on time and portfolio value:

J(t—1,Wi_y) = maxE,_, | J(t, Wt)|$t_1]
¢t—1
The above equality is meaningful because returns are IID, and therefore maxg, | D [J (t, W) |(;t_1
depends on the past history only through W, ;. A related important implication is that the
optimal control policy, ¢;_,, also depends on the past history only through W;_;. We call

such ¢* a feedback control policy.
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