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Solotion of finite e1mnent eqoiIihrio equations in dynaDlic analysis

LECTURE 10 Solution of dynamic response by direct
integration

Basic concepts used

Explicit and implicit techniques

Implementation of methods

Detailed discussion of central difference and
Newmark methods

Stability and accuracy considerations

Integration errors

Modeling of structural vibration and wave propa
gation problems

Selection of element and time step sizes
I

Recommendations on the use of the methods in
practice

TEXTBOOK: Sections: 9.1. 9.2.1. 9.2.2. 9.2.3. 9.2.4. 9.2.5. 9.4.1.
9.4.2. 9.4.3. 9.4.4

Examples: 9.1. 9.2. 9.3. 9.4. 9.5. 9.12

10·2



Solution of finite element equilihriDl equations in dyDalDic ualysis

DIRECT INTEGRATION
SOLUTION OF EQUILIBRIUM
EQUATIONS IN DYNAMIC
ANALYSIS

MU+CU+KU=R-- -- -- -
• explicit, implicit

integration

• computational
considerations

• selection of solution
time step (b. t)

• some modeling
considerations

Equilibrium equations in dynamic
analysis

MU + C U+ K U = R (9.1)

or
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Solution of finite elelleul equilihrilll equatiolS in dynaJDic analysis

Load description

time

time--
Fig. 1. Evaluation of externally
applied nodal point load vector
tR at time t.

THE CENTRAL DIFFERENCE METHOD (COM)

to = _l_(_t-tltu+ t+tltU) (9.4)
- 2tlt - -

an explicit integration scheme
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Solation of finite eleDlent eqailibrimn equations in dynanaic analysis

Combining (9.3) to (9.5) we obtain

(-'-M + -'- c)t+~tu = tR_ ~K __2_ M)tu2 - 2~t - - - - 2 - -
~t ~t

-(-'- M_-'- c)t-~tu2 - 2~t - -
~t

(9.6)
where we note

! t!!=(~!(mT!!

= ~ (l5-(m) t lL) = ~t£(m)

Computational considerations

• to start the solution. use

(9.7)

• in practice. mostly used with
lumped mass matrix and low-order
elements.
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Solution of finite element equilibrium equations in dynamic analysis

Stability and Accuracy of COM

-l'I t must be smaller than l'I t e r

Tn
l'Iter = TI ; Tn = smallest natural

period in the system

hence method is conditionally stable

_ in practice, use for continuum elements,

l'It < l'IL
- e e=~

for lower-order elements

L'lL = smallest distance between
nodes

for high-order elements

l'IL = (smallest distance between
nodes)/(rel. stiffness factor)

• method used mainly for wave
propagation analysis

• number of operations
ex no. of elements and no. of

time steps
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Solution of finite elelDent eqoiIibriDII eqoatiou in dynandc analysis

THE NEWMARK METHOD

(9.28)

{9.29J
an implicit integration scheme solution
is obtained using

.In practice, we use mostly

a. = la , 0 = ~

which is the

constant-average-acceleration
method
(Newmark's method)

• method is unconditionally stable

• method is used primarily for analysis
of structural dynamics problems

• number of operations

== ~n m2 + 2 n mt
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Solution of finite element equilibriDII equations in dynmic analysis

Accuracy considerations

• time step !'1t is chosen based
on accuracy considerations only

• Consider the equations

~1U+KU=R

and

where

K ¢.
--1

Using

¢"1 K ¢ = 0.2

2:: w· ~1 <p.
1 --1

where

we obtain n equations from which
to solve for xi(t) (see lecture 11)

10·8

.. 2 Tx. + w. x. = ~. R
1 1 1 ~1-

i=l, ... ,n



Solution 01 finite eleDlent equilibriDll equations in dynaDlic analysis

Hence, the direct step-by-step
solution of

r~O+KU=R

corresponds to the direct step-by
step solution of

.. 2
x· + w. x·

1 1 1

with

i=l, ... ,n

n

U = ~<I>.x.
- ~-l 1

i =1

Therefore, to study the accuracy of
the Newmark method, we can study
the solution of the single degree of
freedom equation

.. 2
x+w x=r

Consider the case

.. 2
x + w x = a

o· ax= 0·· 2x = -w
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Solotion of finite element eqoiIihriDl equations in dynandc analysis
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SoIIIi. of filile 81••1eqailihrillD eqaaliOlS in dJllillic analysis
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Solution of finite element equilibrium equations in dynamic analysis

Modeling of a structural vibration
problem

1) Identify the frequencies con
tained in the loading, using a
Fourier analysis if necessary.

2) Choose a finite element mesh
that accurately represents all
frequencies up to about four
times the highest frequency
w contained in the loading.

u

3) Perform the direct integration
analysis. The time step /':, t for
this solution should equal about
1
20 Tu,where Tu = 2n/wu '
or be smaller for stability reasons.

Modeling of a wave propagation
problem

If we assume that the wave length
is Lw ' the total time for the
wave to travel past a point is

(9.100)

where c is the wave speed. Assuming
that n time steps are necessary to
represent the wave, we use

(9.101 )

and the "effective length" of a
finite element should be

10·12
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SoIaliOi .. filile 81••1eqailihriDl eqaali_ in dJUlDic ualysis

SUMMARY OF STEP-BY-STEP INTEGRATIONS

-INITIAL CALCULATIONS ---

1. Form linear stiffness matrix K,
mass matrix M and damping
matrix ~, whichever appl icable;

Calculate the following constants:

Newmark method: 0 > 0.50, ex. 2:. 0.25(0.5+0)2

2a
O

= , / (aAt )

a4 = 0/ ex.- ,

as = -a3

a,=O/(aAt)

as = I1t(O/ex.- 2)/2

ag = I1t(' - 0)

a3 = , / (2ex. )- ,

a7 =-a2

Central difference method:

a, = '/2I1t

... 0 O· 0··
2. Inltlahze !!., !!., !!. ;

For central difference method
only, calculate I1tu from
initial conditions: -

3. Form effective linear coefficient
matrix;

in implicit time integration:

in explicit time integration:

M= a~ + a,f.
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Solution of finite element equilibrium equations in dynamic analysis

4. In dynamic analysis using
implicit time integration
triangularize R:.

--- FOR EACH STEP ---

(j) Form effective load vector;

in implicit time integration:

in explicit time integration:

(ii) Solve for displacement
increments;

in implicit time integration:

in explicit time integration:

10·14



SoI.ti. of filile elOl.1 equilihriDl equations in dynamic analysis

Newmark Method:

Central Difference Method:
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